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Introduction {#Sec1}
============

Finite-state automata over finite and infinite words provide an elegant method for deciding linear arithmetic theories such as Presburger arithmetic or linear real arithmetic. Automata-based decision procedures for arithmetic theories have also been of remarkable practical use and have been implemented in tools such as LASH \[[@CR16]\] or TaPAS \[[@CR10]\]. However, understanding the algorithmic properties of automata-based decision procedures turned out to be surprisingly difficult and tedious, see e.g. \[[@CR3], [@CR6], [@CR9], [@CR19]\]. It took, for instance, 50 years to show that Büchi's seminal approach for deciding Presburger arithmetic using finite-state automata runs in triply-exponential time and thus matches the upper bound of quantifier-elimination algorithms \[[@CR5], [@CR6]\]. Given this history, it is not surprising that, until recently, the author was of the opinion that automata should better be avoided when attempting to prove complexity upper bounds for arithmetic theories.

The author's opinion drastically changed when appealing to automata-based approaches recently allowed for settling long-standing open problems about the complexity of the existential fragments of Büchi arithmetic and linear arithmetic over *p*-adic fields, which were both shown NP-complete \[[@CR8]\]. The NP upper bounds are the non-trivial part in those results, since, unlike, for instance, in existential Presburger arithmetic, the encoding of smallest solutions can grow super-polynomially. The key result underlying both NP upper bounds is that given two states of a finite-state automaton encoding the set of solutions of a system of linear Diophantine equations, one can decide whether one state reaches the other in NP in the size of the encoding of the system (and without explicitly constructing the automaton).

This article gives a high-level yet sufficiently detailed outline of how the NP upper bound for existential Büchi arithmetic can be obtained. We subsequently show how the techniques used for the NP upper bound can be applied in order to show decidability and complexity results for an extension of Presburger arithmetic with valuation constraints. Those results are somewhat implicit in \[[@CR8]\] but seem worthwhile being explicated in written. We conclude with some observations and discussion of open problems.
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                \begin{document}$$V_p(0,1)$$\end{document}$, see e.g. \[[@CR4]\]. However, the particular choice has no impact on the sets of naturals definable in Büchi arithmetic.
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It is well known that Büchi arithmetic can elegantly be decided using finite-state automata, see \[[@CR2]\] for a detailed overview over this approach. In this section, we give a generic definition of deterministic automata and then define *p*-automata which are used for deciding Büchi arithmetic.

### Definition 1 {#FPar1}
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Note that this definition allows automata to have infinitely many states and to have partially defined transition functions (due to the presence of $\documentclass[12pt]{minimal}
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A *finite-state automaton* *A* is a deterministic automaton with a finite set of states that accepts finite words. The *language of A* is defined as$$\documentclass[12pt]{minimal}
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Following Wolper and Boigelot \[[@CR19]\], we define a *p*-automaton whose language is the msd-first encoding all nonnegative integer solutions of systems of linear equations.
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If we wish to emphasize the underlying system *S* of linear Diophantine equations of a *p*-automaton *A*(*S*) we annotate the transition relation with the subscript *S* and, e.g., write $\documentclass[12pt]{minimal}
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Semi-linear Sets {#Sec5}
----------------
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A special subclass of semi-linear sets are ultimately periodic sets, which are an equivalent presentation of semi-linear sets in dimension one. A set $\documentclass[12pt]{minimal}
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Existential Büchi Arithmetic {#Sec6}
============================

One of the main results of \[[@CR8]\] is that deciding existential formulas of Büchi arithmetic is NP-complete. A main obstacle is that the magnitude of satisfying variable assignments may grow super-polynomially. It is known that for infinitely many primes *q* the multiplicative order $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar3}
---------

**(**\[[@CR8]\]**).** Existential Büchi arithmetic is NP-complete.

Existential Büchi arithmetic inherits the NP lower bound from integer programming when the number of variables is not fixed. While existential Presburger arithmetic can be decided in polynomial time when the number of variables is fixed \[[@CR15]\], showing such a result for Büchi arithmetic would likely require major breakthroughs in number theory, even when fixing the number of literals. Given $\documentclass[12pt]{minimal}
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We now give an exposition of the NP upper bound of Theorem [1](#FPar3){ref-type="sec"} developed in \[[@CR8]\]. It clearly suffices to only consider quantifier-free formulas. Let $\documentclass[12pt]{minimal}
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Theorem 2 {#FPar4}
---------

**(**\[[@CR8]\]**).** Deciding state-to-state reachability in a *p*-automaton *A*(*S*) given by a system of linear Diophantine equations *S* is in NP (with respect to the encoding of *S*).
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Presburger Arithmetic with Valuation Constraints {#Sec7}
================================================
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In arithmetic theories over *p*-adic numbers, it is common to consider two-sorted logics with one sort for the *p*-adic numbers and another sort for the valuation ring $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {Z}$$\end{document}$, together with additional (restricted) arithmetic over the valuation ring, see e.g. \[[@CR18]\]. One can naturally transfer this concept to arithmetic theories over numerical domains other than the *p*-adic numbers. The decompositions established in the previous section together with classical results on finite-state automata then give decidability and complexity results.
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It is not surprising and easy to see that satisfying assignments are not semi-linear since, e.g.,$$\documentclass[12pt]{minimal}
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Theorem 3 {#FPar5}
---------

Presburger arithmetic with valuation constraints is decidable, and its existential fragment is NP-complete.

Conclusion {#Sec8}
==========

This article provided an exposition of the results of \[[@CR8]\] together with some results that follow but are not explicated in \[[@CR8]\]. We described the proof of NP-completeness of existential Büchi arithmetic and showed how this proof can be applied to obtain decidability of Presburger arithmetic with valuation constraints and NP-completeness of its existential fragment. We close this article with a couple of remarks and open questions for future work:There is an analogue of Büchi arithmetic for the reals that was studied by Boigelot, Rassart and Wolper \[[@CR1]\]. This analogue builds upon a predicate $\documentclass[12pt]{minimal}
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And for brevity, we do not delve into different ways of defining $\documentclass[12pt]{minimal}
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